Model of noncommutative gravity is constructed by means of Fedosov deformation quantization of endomorphism bundle. The fields describing noncommutativity -symplectic form and symplectic connection -are dynamical, and the resulting theory is coordinate covariant and background independent. Its interpretation in terms of Seiberg-Witten map is provided.
Introduction
Starting from the seminal paper by Seiberg and Witten [1] , the great interest in noncommutative field theories with noncommutativity described by star products developed. Various theories of noncommutative general relativity (NCGR) have been studied in such context, and [2] - [21] provides far incomplete, although quite representative list of relevant works.
With time, a tendency to make NCGR models more "general relativistic" can be observed, manifesting e.g. in efforts to restore its full coordinate covariance. The present paper stays within this trend and aims at introducing a variant of background independent geometric NCGR. This objective indicates that structures describing noncommutativity should be dynamical. In turn, one cannot persist in the simplest description by means of Moyal product, as it fixes constant noncommutativity tensor and breaks coordinate covariance. Although
Moyal-based formulation can be geometrized [14, 16, 18] , and noncommutativity can be given dynamics in such framework [17] , rather different approach is going to be pursued here. Following the previous work [15] , we choose Fedosov formalism as a main tool.
The deformation quantization construction as given by Fedosov is considered to be "very geometric" due to formulation in the language of classical differential geometry -all crucial steps are performed by analyzing connections and sections of certain bundles and the resulting structures are fully coordinate covariant. The key point of the approach introduced in [15] is that it uses extension of Fedosov quantization to products of sections of appropriate endomorphism bundles. The obtained models enjoy some desirable properties -they are fully geometric and global. It can be furthermore shown that they are locally equivalent to theories build by means of the variant of Seiberg-Witten map [22, 15] , hence the relation to more conventional strategies can be established.
Yet, some difficulties with procedure proposed in [15] can be easily spotted, and they essentially boil down to the presence of two, so far unrelated, geometries -the metric and the symplectic ones. For example, when passing from commutative to noncommutative case, one replaces integral in the action by Fedosov trace functional. However, geometric action principles are usually formulated by integrals involving metric volume form | det(g ab )|dx 1 ∧ · · · ∧ dx 2n , while the Fedosov trace functional is defined in terms of the symplectic one ω n n! . Leaving metric and symplectic structures unrelated, leads to certain unnaturalness manifesting in "manual" rescaling of the volume form, as in [15] . On the other hand, it
is not trivial to give physically plausible relationship between aforementioned structures.
For instance, too strict dependence would result in unacceptable restrictions on the spacetime geometry (compare remark 2 below). In the next section, we propose compatibility condition which seems to work reasonably in field-theoretic context. Using it, we are able to give new variational principle for general relativity, which appears to be suitably tailored for passing to noncommutative regime. In section 3 a model of background independent, coordinate covariant, vacuum NCGR with dynamical noncommutativity is formulated and its interpretation in terms of Seiberg-Witten map is described. Perspectives on further research and other comments are provided in section 4. Some bulky formulas are moved to the closing appendix.
Weak compatibility and related GR action
We are going to investigate new variational principle yielding field equations of general relativity. From the purely classical perspective its form may seem rather unnatural, as we are introducing constrained system with new fields peculiarly coupled to the metric structure. However, these additional degrees of freedom -symplectic form and symplectic connection -provide the input data required for the description of noncommutativity by the deformation quantization procedure. From this point of view, our action is dictated by noncommutativity of the spacetime, or more precisely (and more modestly) -by its description by means of Fedosov construction.
The geometry which is going to be considered can be briefly described as that of weakly compatible metric Fedosov manifold. The term "Fedosov manifold" refers to a 2n dimensional (n > 1 in our case) symplectic manifold (M, ω) equipped with a torsionfree symplectic connection ∂ S . (For a discussion of geometry of Fedosov manifolds one may consult [23, 24] 
where X j stands for components of tangent vector field. The components of the curvature tensor of ∂ S are given by
The analogous relations hold for connection coefficients Γ i jk of Levi-Civita connection ∇ of the metric g, and for the Riemann curvature tensor R i jkl . The following condition is imposed to establish the relationship between metric and symplectic structures. Define the
1 Recall that difference of connection coefficients truly defines a tensor with proper transformation properties.
We are going to call ∂ S and ∇ weakly compatible if Q
Applying above formula to ∂ S and ∇ in the weak compatibility condition Q j ji = 0 gives the equation
which, in turn, produces (4). Conversely, differentiating (4) and eliminating e C from the result one arrives at (8) from which Q j ji = 0 follows by (7) .
As the immediate consequence we obtain the following result.
Proposition 2. The symplectic volume form vol S = ω n n! and the metric volume form
with constant α > 0, on each connected component of M.
Indeed, the relation (9) holds, as the consequence of (4) together with the definition and properties of the Pfaffian, i.e. due to
Proposition 3. The covariant divergences of polyvectors coincide for ∂ S and ∇.
The proof is a straightforward calculation employing weak compatibility condition and antisymmetry of X i1...i k . 
with dynamical variables determined by weakly compatible metric Fedosov structure, i.e.
by a metric g, a symplectic form ω and coefficients of a symplectic connection ∂ S restricted by the constraints
which are, in the case of (13a) and (13c), nonholonomic. Observe, that from (13a) and vanishing of torsion expressed by (13b), it follows that dω = 0, thus the symplectic condition is encoded in the constraints. Furthermore the action is diffeomorphism invariant both in passive and active sense. The former symmetry follows from the coordinate covariance. The latter, from the fact that all geometric objects entering (12) 
Obviously, variations of S aux with respect to Lagrange multipliers produce constraint equations (13) . Variations with respect to g ij ,
S
Γ k ij and ω ij , after employing proposition 2, give respectively
where Λ ij is the inverse of ω ij and
can be related due to proposition 2 to the standard energy-momentum tensor T ij by
On the other hand, variations with respect to matter fields entering into L m yield, again with the help of proposition 2, the same equations of motion as that originating from the usual action for matter M L m vol M . Then, assuming diffeomorphism invariance of the matter action in (12), one recovers, by the straightforward modification of the standard calculation, the conservation of energy-momentum tensor
Computing ∂ S k σ k from (15b) and (15c), using proposition 3 and substituting the result into (15a) one obtains 1 8πG
. Taking ∇ i of both sides of (19) shows that λ = const due to Bianchi identities and (18) . Thus, we have proved the following result.
Proposition 4. Each solution of field equations (15) must include metric satisfying Einstein equations with cosmological constant (19).
Let us check if the converse statement holds true. For this purpose it is convenient to transform equation for Lagrange multipliers in the following manner. From (19) it can be easily calculated that
and rewrite (15b) as
It follows immediately from this formula that τ kij = −τ ikj , i.e. τ kij is completely antisymmetric. Using relation (20) we infer from (15a)
Employing above formula in (21a) and (15c) yields, by propostion 3
Observe that from equations (21) and (19) one can return back to (15) . In fact, (15b) results trivially form (21a). After multiplying (21b) by g ij and using (20) , (19) and (17) one obtains (15a). Finally, the relation (15c) can be derived by applying ∂ S j to (21a) and utilizing (21c), (21b) together with (20) . Hence, equations (21) and (19) are equivalent to (15) .
Notice that given a metric satisfying Einstein field equations (19) (22) and is solved by
Similarly, if we put f (x) for r.h.s. of (21b) then in Darboux coordinates it reduces to ∂σ k ∂x k = f (x) and one can easily construct a solution, e.g. by choosing σ 1 = f (x)dx 1 and
Then µ jik can be algebraically computed from (21a). The following proposition has been therefore proved.
Proposition 5. Locally, for each solution of Einstein equations (19) there exist weakly compatible Fedosov structure and Lagrange multipliers satisfying field equations (15) .
Propositions 4 and 5 ensure that the theory considered in this section is locally equivalent to the classical general relativity with cosmological constant. However, one should be aware of possible global issues, as already mentioned in remark 1.
Finally, let us comment on the symplectic content of our model. Equations (13a) and (13b) show that ω together with ∂ S constitute Fedosov manifold. The only further restriction is given by weak compatibility (13c). As it follows from the theorem 1, this is equivalent to coupling g with ω by determinants only. Thus, all weakly compatible Fedosov structures are gauge equivalent in the present setting.
Noncommutative gravity
A model of coordinate covariant, background independent noncommutative gravity which reduces to the variant of gravity described in the previous section in the commutative limit is going to be introduced now. For sake of simplicity we confine ourselves to the vacuum case of L m ≡ 0. The procedure described in [15] will be followed. However, there are two notable improvements as compared to [15] . First, because of the form of the action (12) we are no longer dealing with incompatibility of the volume forms -the Fedosov trace functional is also built with the symplectic one. Second, as we switch from a fixed symplectic form and a fixed symplectic connection used in [15] to the fully dynamical setting now, the theory becomes background independent.
Preliminaries on Fedosov construction
Our tool for deforming gravity into noncommutative theory is the Fedosov construction of deformation quantization of endomorphism bundles. For the convenience of the reader, key facts about this formalism are presented here briefly, with all "internal" details omitted.
If interested in them, one should consult [25, 26] for beautiful original exposition. Further studies on geometric, algebraic and formal structure of the theory, as well as some examples, can be found in e.g. [27, 28, 29] .
The arena for Fedosov quantization is given exactly by a Fedosov manifold as introduced in the previous section. The primary result is explicit (although iterative) construction of global, associative, geometric formal star product of functions on M. For χ denoting formal parameter, some initial terms of this product read (24) where
jkm is the curvature tensor of symplectic connection and standard notation for symmetrization is used. Now, let E be a vector bundle over M and let End(E) be corresponding endomorphism bunle, i.e. each fiber End(E) x consists of endomorphisms of respective fiber E x . End(E) comes with natural product of its sections which is noncommutative from the beginning (locally, for a fixed frame in E, it is just matrix multiplication). Fedosov construction provides global, geometric, associative deformation of this product into star product. Suppose that some connection ∂ E in E is chosen. Let ∂ denote connection on arbitrary tensor product of T M, T * M, E and E * which combines ∂ S and ∂ E (e.g.
Let Γ E i be local section of End(E) corresponding to connection coefficients of ∂ E for some local frame and coordinates (i.e.
] be the curvature of ∂ E . Then, Fedosov star product of endomorphisms reads
and {·, ·} standing for the anticommutator.
For some special cases product (25) can be expressed in terms of star product of functions.
If ∂ E is flat and local frame with Γ E i ≡ 0 is fixed, then (25) reduces to a product of matrices with commutative multiplication of entries replaced by the noncommutative Fedosov star product of functions. We shall consequently use symbol * S for such case. One can moreover demand that ∂ S is also flat and fix Darboux coordinates with vanishing coefficients
Then, Fedosov star product of functions reduces to Moyal product * M and (25) becomes multiplication widely used for the description of noncommutative gauge theories.
As we have seen, the input data for the construction of a star product of endomorphisms are: a symplectic form, a symplectic connection and a connection in E. Thus, on the same symplectic manifold one may construct different star products originating in different choices of ∂ S and ∂ E . Nevertheless, it can be shown that these star products are star equivalent (i.e. isomorphic) in the following sense. Let * 1 and * 2 be two star products obtained due to altered choice of connections. Then, there exists mapping
where M i are some differential operators, such that
The key object for our approach is Fedosov trace functional which realizes noncommutative variant of integration over manifold. For each Fedosov star product * one is able to construct trace tr * defined for compactly supported elements of
and being invariant on star equivalences
It turns out that these requirements define trace completely up to normalizing constant.
This fact is rooted in the observation that for the Moyal product the trace is just integral
where Tr is the pointwise trace of an endomorphism. For arbitrary star product trace can be computed either by considering local trivializations to Moyal product or using different methods [30, 15] . The result reads
with
Action and field equations
Let us deform action (12) using scheme developed in [15] . The main idea is to interpret
Lagrangian as a pointwise trace of some endomorphism, and then to construct deformed action by replacing integral with the trace functional. (As we shall see later, this procedure indeed introduces noncommutativity of the spacetime). Hence, the bundle E and connection ∂ E must be specified first. Let E = T M and ∂ E = ∇. Furthermore the section of endomorphism bundle End(T M) is needed. From the commutative limit (12) one infers that pointwise trace of this endomorphism should yield Ricci scalar. Then, the obvious natural candidate is Ricci tensor with the first index raised. Thus, we define endomorphism R ∈ C ∞ (End(T M)) by setting its local components to R i j , or to state the same differently, by defining global action of R on tangent vector field X ∈ C ∞ (T M) with the local formula
The noncommutative action which deforms action (12) reads
and is taken together with constraints (13) . Notice that (13a) and (13b) are conditions which ensure consistency of Fedosov quantization. In this way the variational procedure can be interpreted now as "variation over Fedosov deformation quantizations". The action (31) is diffeomormphism invariant in the very same way as (12), since we neither break coordinate covariance, nor introduce new fields in (31) . For sake of further analysis let us break (31) into two parts
where S is exactly the action of (12) with L m ≡ 0 and S c corresponds to noncommutative corrections (compare with appendix for specific formula up to χ 2 ).
Again, an auxiliary unconstrained action S aux with same Lagrange multipliers can be introduced. The field equations following from it take form 1 16πG
and are supplemented by constraints (13 
and it is possible to rewrite (33a) as
Then, by contracted Bianchi identities we get linear inhomogeneous equation
for p(x). Its general solution can be written as p(x) = λ + p 0 (x) where λ is a (cosmological) constant and p 0 (x) is arbitrary special solution of (36b), which without loss of generality can be assumed to be of χ 2 order, as W ij is. The integrability condition for (36b) can be easily obtained and it reads
Remarkably, it depends on g, ω and ∂ S only. Defining V kij := Λ km V ij m one can rewrite (33b) as
Notice, that antisymmetry of τ kij in first two indices cannot be inferred this time, instead one observes that
Using (37) in equation (33c) and applying formula for ∂ S k σ k as before, one obtains
and this equation requires some integrability check. Indeed, calculation of ∂
(39), use of antisymmetry of τ ijk in last two indices, and symmetry of symplectic Ricci tensor yields relation
which appears as a nontrivial condition 3 . However, one can proceed as follows. Using diffeomorphism invariance of S c it is possible to derive the following identity
Employing (41) together with (36b) in (40) simplifies it to
Now it is convenient to introduce
On the other hand, the following symmetry for
and consequently, due to τ jkm = −τ Above analysis provide a strategy for elimination of Lagrange multipliers from the field equations. Indeed, one starts with pointing out a solution of (36) for g, ω, ∂ S and p(x). Then τ ijk can be determined from (39), and consequently σ i and µ ijk can be obtained form (35) and (37) 
respectively. For now it is not clear to what extent equations (36) fix symplectic
3 This relation is satisfied trivially in the commutative case due to the full antisymmetry of τ jkm and constancy of p(x). 4 We omit detailed derivation of (41) as it is straightforward analogue of the standard textbook derivation of ∇iT ij = 0 from the diffeomorphism invariance of the action for matter fields. It is moreover substantial to verify if the considered theory contains imaginary terms in the action and in the field equations. The reality of action integral S can be analyzed using method developed in [31] . In fact, it was already checked there that endomorphism R is self-adjoint 6 with respect to the involution defined by the extension of metric g to Hermitian 
Seiberg-Witten map
Let us investigate local noncommutative gauge symmetry of the proposed theory by interpreting it in terms of Seiberg-Witten map. This would also clarify the relation of the present model to noncommutativity of the spacetime, as well as reveal the relation to more conventional models of NCGR that use Seiberg-Witten map as a main tool. With some modifications, reasoning from [15] can be repeated 7 .
Within Fedosov formalism the Seiberg-Witten map turns out to be a local property of quantization of endomorphism bundle [22] . More precisely, it appears as a relation between local star equivalences which trivialize star product of endomorphisms to star product of functions. Suppose that locally, in some frame e in E = T M, instead of ∇ i the flat connection is considered with vanishing connection coefficients. It gives rise to a star product of endomorphisms which, in this particular frame, is realized by the standard row-column rule of matrix multiplication, but with the usual product of functions replaced by Fedosov star product of functions * S . This star product and our initial star product * (the one relevant to the trace used in the action (31)) are locally isomorphic. Let M denote corresponding 6 Strictly, the self-adjointness was verified for the endomorphism proportional to R by the real scalar function.
This of course implies the same property for R. 7 The most important difference is that since symplectic data are dynamical now, we cannot, at the level of action, assume that symplectic connection is flat, even in some special case.
trivialization isomorphism. Notice, that the construction of M is frame dependent due to the requirement of vanishing connection coefficients. It turns out that M obtained for arbitrary different frame e = eg −1 is related to M by Seiberg-Witten gauge transformation
where A (e) and A (e ) are matrices corresponding to endomorphism A in frames e and e respectively, and hat on g denotes Seiberg-Witten map obtained from Fedosov formalism (compare [22] and also [34] for detailed analysis of such maps). Hence, trivialization isomorphisms appear as a Seiberg-Witten maps of endomorphisms, and Seiberg-Witten gauge transformations turn out to relate these isomorphisms. It should be stressed that such Seiberg-Witten maps are neither assumed nor appear as a solution to some postulated equation. They could be rather systematically computed form the very structure of Fedosov construction. This situation can be schematically visualized on the diagram.
global * -product of endomorphisms
A * B local * -product of matrices
A (e) , B (e) -matrices
local * -product of matrices
A (e ) = gA (e) g −1
local * -product of functions In the present case, if we assume that endomorphism R has the support small enough to be covered by a single frame, then, in virtue of (28) , one can rephrase (31) as
Such formulation, due to the trace property (27) , is invariant to Seiberg-Witten gauge transformations (46) with g and g given by some local invertible sections of endomorphism bundle.
Yet (46) is realized in terms of Fedosov star product of functions, i.e. it involves noncommutativity of the spacetime described by * S . (Notice however, that in this setting large part of the dependence of the theory on the metric structure is transferred to the Seiberg-Witten map. In turn, the action (47) is not manifestly coordinate covariant, although the resulting field equations can be of course brought to a covariant form equivalent to (15)).
Generalized Fedosov algebras
Let us briefly comment on the option of using generalized variants of Fedosov construction, as described in [34] . ω ij is symplectic, while g ij is symmetric and can be given the meaning of a metric. Two sub-cases was considered then -the one with symplectic connection preserving symmetric part of noncommutativity tensor (i.e. metric), and the other, without such requirement.
The first option is not suitable for the present purposes as it was clarified in the remark 2.
The second one leads to the formula for the trace functional, which, up to the first power of χ, reads
where R E ab stands for the endomorphism defined by the curvature of the connection in E, and in our case is defined by the Riemann tensor. If we substitute R for A, then the term This observation prevents us from studying such theory here, although it also guides to considering additional compatiblilty condition Q b ac g ac = 0 which is beyond the scope of the present paper.
Comments
The construction presented in this paper opens some possibilities for further research. First, it introduces nontrivial, yet apparently quite effective way of relating Fedosov and metric
structures, by what we have called "weak compatibilty condition". It could be interesting to systematically summarize geometric consequences of this relation.
Also, the new action principle for classical general relativity given by (12) and constraints (13) seems to be interesting on its own. In particular, it could be useful to analyze canonical formalism corresponding to it. Indeed, in a specific sense, (12) and (13) are simpler then conventional Einstein-Hilbert action, as they do not contain any square root of determinant of the metric, and depend polynomially on fields and their inverses.
On the other hand, the weak compatibility is neither the only nor the canonical method for establishing dependence between metric and symplectic structures. It was already mentioned that some additional requirements can be analyzed within the framework of generalized Fedosov algebras. Furthermore, there exist other approaches that can be investigated.
One possible example is given by [20] , where g and ω are related by imposing much stringent condition, formulated as the relation between metric and symplectic frame fields.
In the noncommutative case, although it was possible to remove Lagrange multipliers from the field equations, it remains unclear to what extent the theory determines symplectic connection and symplectic form. However, perturbative analysis (i.e. systematic expansion of fields in powers of χ), analogous to that in [15] , could become helpful here. Such considerations can be furthermore combined with inclusion of some (noncommutative) couplings to matter.
The related problem is the coupling to fermions which is usually achieved in terms of frame (tetrad) fields. The starting point for such considerations could be section IV of [15] , where a deformation of Palatini action by means of Fedosov construction (with fixed background of symplectic data) was considered.
Finally, let us mention two directions of research which are not inherently related to the present work, but have some area of common ground, and after some exploration could become strictly relevant to the presented model. The first one is given by the FerrarisFrancaviglia action principle for general relativity [35] , which employs arbitrary auxiliary connection to bring the Einstein-Hilbert action to the manifestly and covariantly first-order form. This suggests, that symplectic connection can be used in this place. The other one is provided by the recent research [36, 37] on theories with symplectic connection coupled to the metric. Although it is driven by rather different paradigm then ours, it provides needful insight into quantum properties of such models.
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Appendix
Here we give explicit, up to the second power of deformation parameter χ, formula for auxiliary action integral of noncommutative theory. One can break it into three parts S aux = S + S c + S L where S is action (12) without matter term, S c corresponds to noncommutative corrections and S L carries constraints. Using this split the respective terms can be inferred from the following expression The calculations leading to above formulas were performed with the help of xAct tensor manipulation package [38] .
